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I.  Abstract 
This paper discusses the design and fabrication of a 
hyperabrupt varacter diode for the 39A Precision Oscillator 
used in the L5 telephone coaxial transmission system. 
Device requirements are that the capacitance is greater 
than 120 pF at 1 volt reverse bias and less than 10 pF at 
10 volts reverse bias.  Fabrication techniques of double 
diffused, alloy, epitaxial, ion-implantation and hybrid 
structures are discussed as possible ways of meeting the 
device requirements with the final design selected being a 
double implanted structure.  The first implant and drive-in 
modifies the N doping profile and the second implant, done 
through an SiO^ layer, forms the shallow PN junction.  A 
model is developed which describes the enhancement profile 
as a Gaussian function and the second implanted profile as 
an exponential function and takes into account the reoxi- 
dation step prior to the second implant.  A computational 
method is described for calculating the resultant C-V 
characteristics from the computed concentration profile. 
Good agreement is obtained between measured and calculated 
values and the model is used to show the variation in the 
C-V characteristics when the first implant dose, second 
implant dose, and oxide thickness are varied. 
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II.  Introduction 
Reversed biased PN junctions are widely used for 
their voltage-variable capacitance characteristics, but the 
capacitance range of the more familiar linear graded and 
abrupt step junctions is limited to the maximum value of 
its slope "m" (-dlogC/dlogV)  of 0.5 or less and the 
maximum reverse voltage that may be applied before the 
device goes into avalanche breakdown.  For these reasons, 
there is considerable interest in hyperabrupt junction 
diodes which offer changes of capacitance of a factor of 
ten or better over a small voltage swing and have maximum 
slopes of approximately 2 to 5.  Especially important uses 
for these devices would be in oscillator applications; 
either in FM circuits where the voltage swing across the 
diode translates directly into an FM signal or in precision 
oscillator applications where the varactor diode is used to 
tune or program the desired frequency and maintain that set 
frequency.  It was the latter,of these two applications 
that prompted the development of the varactor diode 
presented in this paper. 
The application is the 5.12 MHz 39A Precision 
2 
Oscillator  used as a reference frequency generator in the 
L5 Jumbo Group Frequency Supply.  The L5 system can multi- 
plex 10 8,0 00 two-way telephone conversations over a 22 
line coaxial cable system with two cables used as spares. 
The basic oscillator is a modified Pierce oscillator with 
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varactor diodes in a crystal network to control the 
operating frequency.  For this application, the varactor 
diode should have a capacitance value of less than 10 pF 
at a reverse voltage of 10 volts and greater than 120 pF 
at a reverse voltage of 1.0 volt.  Since the varactor 
diodes will be located in the crystal oven which is main- 
tained at ~85°C, and since the varactors are biased from 
a high impedance source, the reverse leakage should be 
low and equal to or less than 1.0 nanoampere at 2.0 volts 
reverse bias when measured at an ambient temperature of 
25°C.  This would translate to a worst case condition of 
approximately 15 0 nanoamperes at 85°C. 
Some additional system constraints are that the 
device be encapsulated in a TO-18 package, that the diode 
element be electrically insulated from the can, and that 
a third lead be provided which is connected to the can 
for grounding. 
III.  Discussion of Available Fabrication Techniques 
It is obvious from the previous discussion that in 
order to have a device with the required C-V characteris- 
tics, one must have a retrograded doping profile on the 
lighter doped side of the junction.  This can be accom- 
plished in various ways. 
3        .      + 1.  Double diffused  - Assuming a P N junction, one 
can first alter the N layer profile by performing an N 
diffusion (i.e., antimony) and then a subsequent P 
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diffusion (i.e., boron) to form the P layer. One major 
problem, however, is that the C-V characteristics of the 
resultant devices vary widely resulting in a low yield to 
a fairly tight C-V requirement. 
4 5 2. Alloy '  - One can form the retrograded profile 
by using the well known alloy diffusion technique.  The 
impurity (Sb) dissolved into some carrier metal (Sn or 
AgPb) acts as the source for the impurity enhancement. 
After alloying, the excess metal is removed from the sur- 
face and the contact metal (Al) is evaporated and alloyed 
to form the P  region.  This technique is really double 
diffusion with alloy diffusions substituted for the 
gassious types.  The resultant devices have tighter 
distributions than that of the double diffused in 1. 
3. Epitaxial growth  - One can also alter the doping 
profile by use of low temperature epitaxial growth.  In 
growing a high resistivity epi layer as the background 
concentration, one can then introduce more dopant at the 
end of the epi cycle to form the modified profile required, 
A subsequent diffusion forms the diode junction and com- 
pletes the process.  Device variability then depends on 
the control of the epi process. 
4. Ion implantation  - With the advent of the 
practical use of ion-implantation as a diffusion source, 
a high degree of control is obtainable in tailoring the 
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doping profile.  The epi structure is implanted and 
driven-in to form the retrograded profile.  This technique 
coupled with a Schottky barrier junction provides a highly 
controlled process.  Also, with the use of a guarded 
Schottky structure, one can achieve reverse leakages in 
the several nanoampere range. 
7 
5.  MIS structure  - In this technique instead of 
forming a Schottky diode on an ion-implanted modified 
profile as in 4, one forms a metal-insulator-semiconductor 
structure.  This alleviates the reverse leakage problem 
but this hybrid design is subject to the loss and stability 
problems associated with MIS structures. 
After reviewing the techniques described above, the 
following design was decided upon.  It will be of the 
basic double diffused structure of 1 but will incorporate 
ion-implantation as a diffusion source for the retro- 
graded junctions as in 4.  It will also have a guard ring 
as in 4 but the P  junction will be formed by another ion- 
implantation but, unlike the first implant, the dopant 
will be implanted through an SiO- layer.  This second 
implant will only be annealed, not diffused, so as not to 
move the first implanted and diffused profile.  Implanting 
through an SiO~ layer allows one to shift the peak of the 
implanted profile to the surface.  This double ion- 
implanted technique allows one to have a high degree of 
- 5 - 
•* 
control over the doping profile yet have low, stable 
reverse leakages similar to those of diffused silicon 
junction diodes. 
IV.  Theoretical Considerations 
The main parameter of interest is, of course, the 
C-V relationship of the completed device.  This C-V 
relationship can be expressed as: 
C = k/V™ (1) 
where 
C = the capacitance 
k = a constant 
V = the reverse voltage 
m = the power constant 
For a step junction m = ■=- and for a linearly graded 
junction m = ■?.     Hyperabrupt junctions can be defined as 
those devices having m values greater than j.  In 
general, doping profiles of hyperabrupt junctions have 
steep transition regions where the doping profile changes 
from the enhanced higher concentration area to the lower 
background doping.  Through this region, the net doping 
may change two orders of magnitude.  Since the C-V 
characteristic is determined by the impurity doping pro- 
file, one must first obtain an accurate description of 
the PN doping profile.  This requires the analysis of a 
double diffused structure since an enhancement diffusion 
- 6 - 
is first performed to produce the retrograde profile and 
a second diffusion to form the PN junction.  If an alloy 
or Schottky structure is used for the P  layer, then only 
one side of the junction need be analyzed since the de- 
pletion region extends only into the lower doped side.  If 
the junction is formed by ion-implantation or diffusion, 
then for small reverse voltages the depletion region in 
the heavier doped side must be taken into account.  Figure 
1 illustrates the type of structure to be discussed. 
First an enhancement diffusion is performed of the same 
conductivity type as the background doping N .  This 
diffusion results in the profile N_.  Secondly, the PN 
junction is formed by an opposite type diffusion with the 
resultant profile N,.  Ideally, the second profile can be 
formed without disturbing the first profile. 
For the diode presented in this paper, the enhancement 
diffusion is formed by an ion-implantation predeposition 
and subsequent drive-in.  Assuming a fixed total impurity, 
the dopant will have a Gaussian concentration profile 
given as: 
Ql 2 Nn(x) = —j^r    exp (-xV(4Dt)) (2) 
U
 (7TDt)X/Z 
where 
2 Q, = the implanted dose in ions/cm 
2 
D = the diffusion coefficient in cm /sec 
t = the diffusion time in seconds. 
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Adding the background doping to Eq. (2) yields an ex- 
pression for the donor impurity profile as: 
Vx) = 7T~i72 e*P <St) + NB (3) (TtDt) ' 
The acceptor profile is accomplished by a second ion- 
implantation and anneal, not a drive-in, which keeps the 
first distribution intact.  The general expression for an 
implanted profile is also Gaussian and is given by: 
N (x) =  -  exp ( V") (4) 
/2? AR 2AR 
P P 
where 
2 Q„ = the implant dose in ions/cm 
R = the projected ion range in cm 
AR = the projected straggle distance in cm 
This implant would result in a Gaussian profile 
totally within our structure, not like the Nn profile of 
Figure 1.  However, if one implanted through an oxide 
layer whose thickness was just equal to R  at the implant 
energy, one could end up with the N. profile of Figure 1 
whose distribution would be: 
Q9 2 
N (x) =  S  exp (- — _) (5) 
/27 AR 2AR 
P P 
However, since the enhanced layer in this structure 
is relatively shallow (~lym), an accurate description of 
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the acceptor profile is critical since variations in this 
profile will greatly affect the C-V characteristic. 
g 
Others  have observed that the Gaussian profile is ac- 
curate in describing a boron implanted profile in silicon 
but this fit is mostly accurate from N, max to +0.5 1NL 
max.  Below this range, the Gaussian profile drops more 
rapidly than the measured profile.  Since it is that very 
region which determines the junction in this structure, 
the exponential function best describes the N, profile and 
is given by: 
Q2 -x N (x) = exp —T (6) 
A
      /2? AR        A 
P 
where A is a constant for a given implant energy. 
Figure 2 illustrates the difference in the net con- 
centration profile when the NL profile is assumed to be 
either Gaussian or exponential and all other parameters 
are kept constant. 
One other area must be considered before the entire 
concentration profile can be determined and that is, the 
effect of the low temperature oxidation after the Nn 
profile is produced and before the second implant is per- 
formed.  This oxidation, in effect, moves the start of the 
implanted N, profile in from x=0 to x=0.44 X  where 
Xny is the oxide thickness.  This can be accounted for by 
modifying Eq. (3) as: 
- 9 - 
(irDt) ' 
where OX = 0.44 times the oxide thickness. 
Eq. (6) and (7) now describe the total profile, and 
N(X) can now be written as: 
N(x) =  -  exp  -y 
/2TF AR 
P (8) 
^l   exp (. O-xii, _ NB 
Also, to simplify the analysis, the following three 
assumptions are made. 
1. The presence of mobile carriers in the 
depletion region is ignored. 
2. Complete ionization of impurities in 
the depletion region is assumed. 
3. The depletion layer is separated from 
the electrically neutral region by a 
sharp boundary. 
9 
Shockley  developed the theory for PN junctxons and 
stated that the electric field distribution, E(x), across 
a reversed biased junction can be determined from the 
solution of Poisson's equation as: 
E(x) = (q/Ke ) /*  N(x)dx (9) 
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where 
q = the magnitude of electronic charge 
K = the dielectric constant 
e  = the permittivity of free space 
N(x) = the doping concentration from Eq. (8) 
x-, = the edge of one side of the depletion region 
The voltage distribution, V(x), is given asr 
V(x) = /X  E(x)dx (10) 
Xl 
where E(x) is given by Eq. (9). 
Finally, the capacitance, C, per unit area is: 
C(V) = Ke^Ax-x.^ (11) 
The computation of the C-V relationship for this 
device proceeded in this manner. 
1. For a given set of parameters, Eq. (8) is 
solved for x when N. = N_+N_,.  This value A     DB 
of x is the junction depth x.. 
2. An x-, is chosen such that Ax = x.-x,. 1 D  1 
3. A value of x on the other side of x. is 
calculated such that the total charge per 
unit area on either side of the PN junction 
is equal and opposite. 
4. The field distribution, E(x), is numerically 
calculated using Eq. (9). 
5. The field distribution is numerically 
integrated, Eq. (10), producing a value V(x) 
- 11 - 
The  built-in voltage,   V_.,   is   calculated 
10 B 
using: 
KT ,  NAND ,, .,. 
VB = "q ln ~2- U2) 
^    n. 
x 
where 
K =  Boltzman's   constant 
T = Temperature in °K 
q = Magnitude of electronic charge 
N  = Acceptor concentration just outside 
the space charge region 
N  = Donor concentration just outside 
the space charge region 
n. = Intrinsic carrier concentration 
1 
The applied voltage, V.,, is calculated such 
that V„ = V(x)-V_ . 
K a 
Finally, the capacitance is calculated using 
Eq. (11) and multiplying the result by A, the 
area of the device. 
Therefore, choosing values for x.. in the N  layer 
produces values of VR and C, so incrementing through the 
N, layer from x =x. to x, -»-0 produces the desired C-V 
relationship. 
A computer program was written in Fortran to perform 
the series of computations described.  This program was 
run on a Honeywell 6 078 computer which produced the 
results that are discussed in Section VI. 
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V.      Device   Fabrication 
Starting  material   is   a  silicon  epitaxial  wafer   ap- 
proximately   .012   inches    (30 5um)   thick   and   1.5   inches   in 
diameter.     The   substrate  is   .01  ft-cm  antimony  doped  and 
the epitaxial   layer  is   10-15um  thick   and  19-24  fi-cm  arsenic 
doped.      Crystal  orientation  is   <111>  with   a   <110>   flat 
on  the  slice.     First  oxidation  is   for   3   hours   at   10 50°C 
o 
steam to produce approximately 80 0 0A of SiO„ on the 
slice.  As a heavy metal gettering step, the oxide from 
the back of the slice is removed and the slice is given 
a 30 minute 1100°C phosphorus diffusion using a P0C1-. 
source.  The phosphorus glass is then removed by etching. 
Another oxidation follows at a temperature of 10 50°C for 
2 hours in steam.  The next operation is a photolitho- 
graphic step to open up a ring in the oxide .0 32 inches 
in diameter and .0006 inches wide.  Care is taken in this 
step to keep the oxide intact on the back of the slice. 
The slice then undergoes a boron diffusion using a BN 
source for 10 minutes at 1140°C and boron drive-in at 
1200°C for 10 minutes.  This diffused ring acts as a guard 
ring around the shallow P  region to prevent low breakdown 
due to the small radius of curvature (~.4um) of the active 
junction.  The junction depth of the guard ring diffusion 
is ~2.5um.  The next operation is another photolithographic 
step which opens up the area within the guard ring and 
- 13 - 
slightly overlaps the guard ring (see Figure 3).  This 
area, .0326 inch diameter circle, is the window in which 
will be implanted the phosphorus for the epi enhancement. 
12 2 The implant dose, Q,, is 3.5x10   phosphorus ions/cm  at 
50 Kev.  A short 900°C 30 minute anneal in oxygen is 
followed by the phosphorus drive-in at 1100°C for 75 
minutes in oxygen.  The original .0 326 inch diameter circle 
o 
is   reopened by   a  non-selective  etch  and  -1000A of  SiO^   is 
regrown  at  900°C  in  steam.      It is   through  this   oxide  that 
the boron will  be  implanted.     The boron  implantation is 
14 2 at  a  dose,   Q~,   of  5.0x10       boron  atoms/cm     at   35   Kev.     A 
900°C  anneal  in oxygen  for  30  minutes   completes  the high 
temperature  treatments.     The   slice   is   passivated with  a 
o 
layer  of  approximately  2000A of  Si-.N.   and  the  contact  is 
platinum silicide-titanium-titanium nitride-platinum-gold. 
To  accomplish  the  electrical   isolation  required  for  this 
application,   a   .050x.070x.025  inch  ceramic,   metallized  on 
both  sides,   is   first brazed onto the  TO-18  header  and  the 
diode  chip  is   eutectic bonded on  top  of  the  ceramic  plat- 
form.      Gold wires   are   thermocompression bonded  to  the  chip 
and  to  the platform making  the  electrical   connection  to 
the  leads  of  the  package. 
VI.      Device   Tests   and Computed  Results 
Figure   4   is   a  C-V plot  of  completed  devices   along 
with  the  computed  values   of  C  and V  for  the  given parameter 
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values.  The spread in the measured data shows the slice 
to slice variation.  Agreement with theory is quite good 
indicating that the model is adequate for predicting re- 
sults for a variation of parameters and that the profile 
of Figure 2 with the assumed exponential function 
accurately describes the concentration profile.  In Figure 
5, the results of varying the phosphorus implant dose is 
calculated showing the resultant C-V curves at three 
different phosphorus doses.  Likewise, Figures 6 and 7 show 
the calculated C-V curves for three different implant doses 
into a given phosphorus profile and the effect of a varia- 
tion of the oxide thickness on the resultant C-V profile. 
As can be seen, a great variety of devices can be made 
using this design by varying the area, implants, drive 
time, and oxide thickness. 
Care should be taken, however, that the boron implant 
dose be made sufficiently large and the P  region suffi- 
ciently heavily doped so as not to sweep out the entire P 
region when the device is reversed biased.  If this occurs, 
there is an increase in reverse current as the edge of the 
depletion region reaches the surface.  This was observed 
13 
at 4.0 volts reverse bias with a boron implant of 8x10 
2 ions/cm  and at 6 volts reverse bias when the boron implant 
14        2 14        2 
was 1x10   ions/cm .  At 5x10   ions/cm  this increase in 
reverse current was not observed. 
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Figure 8 is a plot of the reverse leakage at 2.0 
volts reverse bias versus temperature.  The devices are 
less than 1 nanoampere at 2 5°C and meet the requirements 
of the system.  Device breakdown is -150 volts at 25°C 
and at breakdown the depletion region has swept entirely 
through the epitaxial layer into the substrate.  A plot 
of forward voltage versus forward current is given in 
Figure 9 along with references to the empirical forward 
current-voltage characteristics where m=l for pure 
diffusion and m=2 for pure recombination current. 
VII.  Aging Conditions and Results 
Since the device will normally be used in the reverse 
direction as a variable capacitor, the aging condition 
is in the reversed biased state also.  The failure 
mechanism would be caused by any mobile ions which migrate 
towards the junction, modifying the doping concentration 
at the edge of the planar junction, and causing an increase 
in reverse leakage due to the creation of a channel or 
the reduction of the breakdown voltage.  This migration 
is accelerated by increasing the reverse voltage and in- 
creasing the temperature.  The aging condition is, 
therefore, a 150°C reverse bias (V =10 Vdc) test for 100 
hours.  All devices shipped must meet this in-process test 
and upon completion must pass the less than 1 nanoampere 
requirement at 2 volts reverse bias.  All devices are 
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previously  screened  to  the  1  nanoampere   limit prior  to  the 
in-process   aging  and results   to  date  have   indicated  that 
95%   of  the  devices   fabricated  thus   far have  passed  the 
in-process   age   criteria. 
VIII.     Summary 
This  paper has   presented  a  design   and   fabrication 
technique   for manufacturing  a  stable,   highly   controlled, 
voltage  variable   capacitance  diode  utilizing  a  double 
ion-implanted  structure.      It  offers   a   fabrication  technique 
compatible  with  existing  silicon  integrated  circuit  tech- 
nology  along with highly  reproducible  results   and high 
yields.     A model has   also been  developed which   accurately 
describes   the  device   and  it  can  be  used  as   a  design   guide 
for  adopting  this   design   to  the manufacture  of  other 
similar hyperabrupt devices. 
-   17   - 
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ABSTRACT 
This thesis presents a refined method for the evaluation 
of live-load distribution factors for right, ie no skew, multi- 
beam bridges with prestressed concrete I-beams.  The analytic 
technique used in the study is the finite element stiffness 
formulation for linearly elastic eccentrically stiffened plate 
structures. A brief description of the analysis technique and 
selected bridge models employed in a study correlating analytic 
results with those obtained from field test are presented.  This 
study enabled an accurate investigation of live-load distribution 
by modeling the important design parameters. 
The design and results of an analytic experiment to inves- 
tigate live-load distribution is also presented.  The results of 
the analytic experiment are used in arriving at a new method for 
evaluating live-load distribution. 
-1- 
1.  INTRODUCTION 
lol General 
For many years, a large number of states, including the 
State of Pennsylvania, have been utilizing precast, prestressed con- 
crete beams in the construction of multi-beam highway bridges. In 
these multi-beam bridges the beams are spread apart and equally 
spaced.  Beams with either box-shaped or I-shaped cross-sections 
have been used and they are covered with a cast-in-place reinforced 
concrete deck.  Since 1964, several research investigations on the 
structural behavior of these bridges have been conducted at Lehigh 
University.  Each investigation covered one or more aspects of 
superstructure response to design vehicle loadings0 This report will 
will present the results of a project initiated in 1972 which was 
centered on the development of proposed design provisions for live- 
load distribution in prestressed concrete I-beam bridges. 
The Pennsylvania Department of Transportation (PennDOT) 
initially adopted some of the provisions of the American Association 
of State Highway and Transportation Officials (AASHTO) specifica- 
tions concerning the lateral distribution of live-load in multi- 
beam bridges.  It should be noted here that in this report a multi- 
beam bridge is defined as constructed with the beams spread apart 
and equally spaced while AASHTO defines a multi-beam bridge as con- 
structed with the beams placed side by side on the supports.  The 
provisions of the AASHTO specifications that applied to spread 
-2- 
I-beam bridges were also applied to spread box-beam bridges.  Using 
the provisions adopted by PennDOT, the interior beams were designed 
S 
with a live-load distribution factor of -—-, where S is the center- 
to-center beam spacing, measured in feet.  For the exterior beams 
the live-load distribution factor was based on the reaction of the 
wheel load obtained by assuming the slab to act as a simple span 
between beams.  For this calculation the wheel load of the Standard 
AASHTO test vehicle is positioned to produce the maximum reaction 
at the exterior beam. 
An investigation to study the problem of live-load distri- 
bution in spread box-beam bridges was initiated by Lehigh University 
in 1964.  The first phase of the investigation was a field study 
of five spread box-beam type bridges.  The conclusion of this study 
was that the provisions for lateral live-load distribution used by 
PennDOT did not give an accurate prediction when compared with test 
results.  Therefore, a theoretical investigation was begun in 1967 
to refine the method for predicting live-load distribution in the 
spread box-beam bridges.  The result of this investigation was a 
new procedure which was adopted by AASHTO in 1973 (Art. 1.6.24). 
In 1967 another field study was initiated to extend the 
results of the original work on spread box-beam bridges to include 
prestressed concrete I-beam bridges.  The conclusion of this study 
of I-beam bridges was much the same as that of the box-beam bridges. 
The present AASHTO specification used by PennDOT for lateral live- 
load distribution in I-beam bridges was not a realistic method. 
Thus, a theoretical investigation was initiated to develop a new 
method for the evaluation of live-load distribution factors for 
I-beam bridges.  From this study a method of analysis to describe 
the behavior of I-beam bridges subjected to live loads was develop- 
ed, as described herein. 
1.2  Object and Scope of Study 
The purpose of this investigation is to develop a refined 
method for the evaluation of live-load distribution factors for 
right, i.e., no skew, multi-beam bridges with prestressed concrete 
I-beams.  The investigation is based upon a theoretical analysis 
technique developed at Lehigh University.  The analysis technique 
is a finite element stiffness formulation for eccentrically stiffen- 
ed plate structures in the linear elastic range.  A short descrip- 
tion of this finite element formulation is presented in Chapter 2. 
Using the finite element technique different analytic 
models of I-beam bridges were compared with the results of the pre- 
vious experimental study on I-beam bridges.  Thus, the important 
design parameters of the bridge could be accounted for mathematic- 
ally.  The resulting analytic bridge model enabled an accurate and 
efficient study of live-load distribution.  The analytic modeling 
study is presented in Chapter 3. 
In Chapters 4 and 5 the design and results of an analytic 
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experiment to investigate live-load distribution are presented. It 
is from this analytic experiment that the design recommendation was 
obtained, as presented in Chapter 6. 
1.3  Previous Studies 
Load distribution in highway bridges has been studied for 
many years in this country and abroad.  Though the work done has 
resulted in a greater understanding of the behavior of bridges, a 
number of simplifying assumptions were made in each case in order 
to overcome the mathematical difficulties involved in each of the 
solution procedures.  Methods used to study the behavior of bridges 
have been grillage analysis, folded and orthotropic plate theories, 
finite difference method, finite strip method, and finite element 
method.  Of all of the methods, the finite element method requires 
the fewest simplifying assumptions in accounting for the greatest 
number of variables which govern the structural response of the 
bridge.  The technique chosen was an analysis scheme for stiffened 
plate structures developed at Lehigh University.  This scheme util- 
ized the finite element displacement approach. 
It is not the purpose of this report to provide a discus- 
sion of previous work. An up-to-date annoted bibliography contain- 
ing references which are directly or indirectly applicable to the 
structural behavior, analysis, and design of multi-beam type high- 
13 
way bridges was presented in a previous report  from this project. 
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2.  ANALYSIS BY THE FINITE ELEMENT METHOD 
2.1 Assumptions 
The following assumptions were made in the finite element 
analysis of the bridge superstructures investigated as part of this 
research. 
1. A small strain - small deflection theory was used. 
2. Linearly elastic behavior of materials was assumed. 
3. All superstructures were analyzed with simple supports. 
The effects of continuity were not included. 
A.  The longitudinal beams were prestressed concrete I-beams, 
either from Pennsylvania Standard or from AASHTO-PCI 
Standard cross-sections. 
5. All loading conditions were static.  No dynamic effects 
were considered. 
6. The response of the slab was divided into out-of-plane and 
in-plane behavior.  The out-of-plane behavior accounted 
for actions such as the normal stress associated with 
composite action of the beams and slab. 
7. The in-plane and out-of-plane responses were superimposed. 
8. The mid-plane of the deck slab was taken as the reference 
plane for the analysis technique. 
9. The deck slab was assumed to have a constant thickness. 
Haunching for grade or camber was not included, nor was 
-6- 
the presence of permanent metal deck forms or the con- 
crete below the top surface of the deck form.  These 
are conservative assumptions. 
10. Beams and slabs were assumed to act in a completely com- 
posite manner.  Thus, the strain compatibility between 
the deck slab and the beam was maintained. 
11. The beams were modeled as eccentric stiffeners to the slab. 
12. The action of each beam was satisfactorily represented by 
a normal force, a bending moment about one axis, and a 
torsional moment.  Weak-axis bending was ignored because 
of the relative stiffnesses of I-beam sections, and 
because only vehicular loading was considered. 
13. The St. Venant torsional stiffness of the beams was con- 
sidered.  Warping torsion was assumed to be small 
because of the shape of the I-beams (Ref. 11).  Appropri- 
ate values of the St. Venant torsional stiffness coeffi- 
ent were computed and reported in Ref. 6. 
14. The cross-sections of the structures analyzed in this re- 
search were reasonably proportioned.  That is, for a 
particular structure, the beam size arid spacing were 
appropriate for the span length, and the slab thickness 
was appropriate for the beam spacing. 
15. The effect of the curb-parapet section was considered, as 
discussed in Sec. 3.3.4. 
-7- 
If 
16. Intra-span diaphragms were not included in this analysis, 
9 11 
since past research *  has shown that while these dia- 
phragms are effective in distributing the live load from 
a single vehicle, the effect becomes minimal when sever- 
al lanes are loaded. 
17. The number of loaded lanes conformed to section 1.2.6 of 
Ref. 1, as discussed in Sec. 4.2. 
18. AASHTO type HS20-44 loading was used throughout the entire 
study.  For spans up to 150 ft., a single HS20-44 vehi- 
cle was used.  For spans in excess of 150 ft. a truck 
train used was the predecessor of the current lane load- 
ing, and is described in the Appendix B of Ref. 1.  In 
deciding on the truck train, comparisons were made of 
the effects of a single HS20-44 vehicle, a truck train, 
and the lane loading.  It was found that the lateral 
load distribution was not materially affected by the 
type of loading.  Generally, there was less than 2% 
difference between the maximum and minimum distribution 
percentages produced by the three types of loadings. 
Therefore, the truck train was used for spans in excess 
of 150 ft., because the corresponding input could be 
handled automatically within the computer program. 
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2.2  Finite Element Analysis 
The finite element method has three basic-) phases , 
1) Structural Idealization 
2) Evaluation of element properties 
3) Assembly and analysis of the structural system. 
In the current analysis, the beams and slab were treated 
separately, and then combined in the third phase.  This presentation 
will follow the same pattern by discussing first the analysis of 
deck slabs, then the analysis of beans, and finally the assembly of 
beam and slab elements.  This analysis is based on the formulation 
11 12 by Wegmuller and Kostem.  ' 
2.2.1 The Deck Slab 
As mentioned in Sec. 2.1, the response on the deck slab was 
further divided into out-of-plane (bending) and in-plane (membrane) 
actions. 
2.2.1.1 The Out-of-Plane Behavior of the Deck Slab 
The deck slab was analyzed using thin plate theory.  Hence, 
the following assumptions were made: 
1. Sections which were plane and normal to the middle surface 
before deformation remained plane and normal after defor- 
mation. 
2. Transverse displacements were small compared to the plate 
thickness. 
3-  Since stresses normal to the plane of the plate were negli- 
gible, shearing stresses in the transverse direction were 
neglected, and the* transverse displacement of any point on 
the plate was essentially the displacement of the corres- 
ponding point on the middle surface of the plate. 
The deck slab was discretized into rectangular plate 
bending elements.  The element developed by Adini, Clough, and 
Melosh was used.  The plate elements were connected at node points. 
A node point was common to all of the elements which surrounded it. 
The displacements at the node points were the basic unknowns of the 
finite element stiffness analysis.  There were three out-of-plane 
displacements assigned to each plate element node point.  These 
displacements were the transverse displacement, W, and the bending 
rotations 8 and 6 .  These displacements occured at the mid-plane 
of the plate.  Thus, there were a total of twelve out-of-plane de- 
grees of freedom (i.e., unknown displacements) associated with each 
plate bending element. 
A polynomial displacement function was used to describe 
the displacements within the plate bending element. 
W = a. + a„ X + aQ Y + a. XY + a,. X
2
 + a. Y2 + a, XY2     (2.1) 1234      5      6      7 
+ ag X
2Y + ag X
3
 + a1Q Y
3
 + a     X3Y + a12 XY
3 
10- 
The nodal rotations are given as derivatives of the trans- 
verse displacement, W. 
6 = 9w/9y (2.2) 
9 = - 8w/3x (2.3) 
There are twelve unknown constants in Eq. 2.1 and twelve 
boundary conditions for each element:  three displacements at each 
of four nodes.  Substituting Eq. 2.1 into Eqs. 2.2 and 2.3, and 
then substituting the coordinates of the corners of the elements 
with respect to the element axes (shown in Fig. 1), the following 
equation is obtained: 
{<Se}Q = [C.]o {a} (2.4) 
the subscript "o" indicates out-of-plane displacements. The constants 
(a) are evaluated by matrix inversion. 
{a} = [C]"1 {6e}o (2.5) 
The strains within the element are related to the displace- 
ment field by the strain displacement equations.  Within the context 
of the finite element method, strains and stresses are usually refer- 
red to as generalized strains and generalized stresses. 
The generalized strains for out-of-plane behavior are the 
bending curvatures.  Thus, it is possible to define the strains as: 
-11- 
4> 
{e} -< 
r -\ 
- 3zw/3x' 
<f> xy 
\  = \   -  32w/3y2   >- 
2 32w/g 8 
x y 
(2.6) 
Substitution of Eq. 2.1 into Eq. 2.6 results in the matrix equation: 
{e} = [Q] {a} (2.7) 
Substitution of Eq. 2.5 into Eq. 2.7 relates the generalized strains 
to the unknown nodal equations: 
{e> = [Q] [C]Q  {« >0 
Stresses are related to strains by an elasticity matrix: 
{a} = [D] {e} 
(2.8) 
(2.9) 
The stresses corresponding to the strains given by Eq. 2.6 are the 
bending moments per unit distance; M , M , and M  . Using the well- 
o        r x  y      xy      ° 
known equations of plate analysis (Ref. 8), the elasticity matrix is 
defined as: 
1 M 
<   M y = Eh
c 
M 
12(l-v0 V 
v   0 
1 
0  0 
0 
1-v 
<f> x 
i <J> r    (2.io) 
xy 
where E is the modulus of elasticity of the plate, h is the plate 
thickness, and V is Poisson's Ratio.  Once these matrices have been 
defined, the well-established procedures of the finite element 
-12- 
method lead to the following stiffness matrix (Ref. 14): 
T 
[K] =  [C]"1  /  [Q]T [D] [Q] dx dy [C]"1 (2.11) 
o      o     A O 
The out-of-plane stiffness matrix, [K]  is given explicitly in Refs. 
5, 11, and 14. 
2.2.1.2 The In-Plane Behavior of the Deck Slab 
The in-plane behavior of the plate is analyzed as a plane- 
stress elasticity problem.  The discretization remains the same as 
discussed of out-of-plane behavior.  There are two in-plane displa- 
cements at each node.  The displacement in the x-direction (Fig. 1) 
is called U, the displacement in the y-direction is V.  There are 
a total of eight in-plane degrees of freedom.  The polynomial 
displacement functions are given by Eqs. 2.12 and 2.13. 
13   14     15     16 
V = o17 + alg X + aig Y + a2Q XY       (2.13) 
As in the out-of-plane case, the eight unknown constants in Eqs. 2.12 
and 2.13 are evaluated using the eight nodal displacements: 
{6e}]; = [C^ {a} (2.14) 
{a} = [C]I {6e}1 (2.15) 
The generalized strains are taken as: 
-13- 
3u/9x 
{e}  =<   3v/8y y = 
9u/8x + dv/dy 
e 
y 
Y 
^ xy j 
(2.16) 
Substitution of Eqs. 2.12 and 2.13 into 2.16 results in: 
{e} = [Q] {a} (2.17) 
Substituting Eq. 2.15 into Eq. 2.19 results in the strain-displace- 
ment relations: 
{e> = [Q]   [C]"1 {6e}]. (2.18) 
The stresses are chosen as the membrane stresses O  , O    and T 
x  y     xy 
The resulting elasticity matrix, based on the assumption of plane 
stress, is given by: 
X 
-» y ' 
v. 
xyy 
1-v' 
r    > 
1 V 0 e X 
V 1 0 < e y 
0 0 1-V 
2 
Y xy 
> 
(2.19) 
The basic matrices necessary to evaluate Eq. 2.13 are now known for 
the in-plane case, and the in-plane stiffness matrix, [K]T, can now 
be evaluated.  The in-plane stiffness matrix is also given explicit- 
ly in Ref. 11. 
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2.2.1.3 Superposition of In-Plane and Out-of-Plane Behaviors 
Since analysis is based on a small deflection theory with 
linear material properties, as mentioned in Sec. 2.1, the in-plane 
and out-of-plane stiffness matrices may be superimposed as follows: 
< 
FI 
— 
0 6 
eT 
f      = \ 
I 
F 
o 
0 K 
o 
6 
e 
o 
(2.20) 
[F} and [F]  are the in-plane and out-of-plane nodal force vectors, 
respectively. 
2.2.2 The Beams 
Figure 2 shows a beam element, nodal points, coordinate 
axes and degrees of freedom.  The degrees of freedom consist of an 
in-plane axial displacement, U, out-of-plane bending displacements, 
W and 9 , and a torsional rotation, 8 at each node. Beam elements y x 
are positioned between plate nodes in the x-coordinate direction. 
The in-plane and out-of-plane response of beam elements 
are considered simultaneously.  The torsional response is treated 
separately. 
2.2.2.1 The In-Plane and Out-of-Plane Behavior of Beams 
The polynomial displacement functions for the response of 
beam element not including the effects of torsion are given by: 
15 
U = a21 + a22 X (2.21) 
W = a23 + a24 X + a25 X
2
 + a26 X
3 (2.22) 
These displacements occur in the same reference plane 
that is used for calculation of the plate displacements (Fig. 2). 
In this formulation the reference plane was the mid-plane of the 
deck slab.  It should be noted that Eqs. 2.21 and 2.22 have the same 
form as Eqs. 2.12 and 2.1 when the coordinate y is equal to a con- 
stant.  This fact, combined with a choice of beam eccentricity re- 
ferenced to the mid-plane of the deck slab, provides strain compat- 
ibility between the deck slab and the beam.  This is necessary to 
correctly model composite beam-slab bridges.  The bending rotation, 
0 , is defined by Eq. 2.3. 
The six unknown constants in Eqs. 2.21 and 2.22 are 
evaluated using the six nodal displacements, three at each end of 
the beam: 
{<5e}„ = [C]B {a} (2.23) 
fa} - [C]"1 {«•}„ (224) 
The generalized strains are taken as the bending curvature 
and axial strain. 
/f 
{e} 
dy/dx    | 
(2.25) 
d2w/dx2 
j 
-16- 
the generalized stresses corresponding to these strains are the 
axial force and bending moment. 
{a} 
N 
I M 
(2.26) 
The strain in the beam can be related to Eq. 2.25 as 
shown in Fig. 3. 
T = — -  Z d2w 
dx     dx2 (2.27) 
The bar indicates that the strain is referred to the reference plane. 
The stress is equal to Young's modulus times the strain. 
a = E e 
-"&-*£] (2.28) 
The generalized stresses are related to O  by the integrals: 
_       , ,2 _ ,     _ d2w 
N = /A E a dA = E ^ /A dA - E ^ /A Z dA = E A ^ - E S d?" (2.29) 
M = /A E Z F dA = E g /A Z da - E |^ /A Z2 dA = E S |J - El 0 
(2.30) , 
The elasticity matrix is defined by using Eqs. 2.29 and 
2.30: 
A  S 
S       1 
dy/dx 
- d2w/dx2 (2.31) 
The bars in Eq. 2.31 indicate that the appropriate quantities are 
referred to the reference plane, not necessarily to the centroidal 
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axis of the beam. 
Substituting Eqs. 2.21 and 2.22 into Eq. 2.25 leads to the 
definition of [Q].  Once this is done, all of the matrices are defin- 
ed to evaluate the nontorsional stiffness matrix of the eccentric 
beam element: -T     T _. 
[K] = [c]"1 /^[Q]1 [D] [Q] dx [Gig1 (2.32) 
The beam stiffness matrix above is given explicitly in Ref. 11. 
2.2.2.2 The Torsional Behavior of the Beams 
The St. Venant torsional stiffness of the prestressed 
concrete I-beams is included in the analysis.  The warping torsion 
effects are neglected.  The St. Venant torsional moment can be re- 
lated to the unit angle of twist by: 
Tgv = GK^, <f>» (2.33) 
The unit angle of twist can be related to the axial rotation of the 
<<=>-♦'- s ex - s # (2-34> 
Substitution of the displacement function for the plate (Eq. 2.1) in- 
to Eq. 2.34 results in the assumed displacement function for 8 along 
a line defined by a constant y coordinate. 
6
x = IT a27 + a28 X <2'35> 
The elemental displacement vector consists of values of 
8 at each end of the beam.  Thus, a connection matrix analogous to 
X 
Eqs. 2.4, 2.14, 2.15, and 2.23 can be defined. 
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{<Se}T = [c]T {a} . (2.36) 
{a} = [c]"1 (6e>T (2.37) 
The generalized stress and strain are the torsional bend- 
ing moment and the unit angle of twist, respectively. Thus, an 
elasticity matrix is defined as shown above. 
{T} = [GK^J H'} (2.38) 
The matrix [Q] is again defined by substituting the dis- 
placement functions given by Eq. 2.35 into the definition of strain 
given by Eq. 2.34.  When this is done, all of the matrices needed to 
define the stiffness matrix are known, and evaluation may proceed. 
An explicit torsional stiffness matrix is given in Ref. 11. 
2.3 Assembly of Elements 
The assembly of elements in the finite element method is 
analogous to the assembly of member-stiffness matrices in convention- 
al matrix structural analysis.  The slab element stiffness matrix 
relates a force at one node to the displacements of the remaining 
nodes in that element.  Each node may be surrounded by as many as 
four slab elements which join that node.  Thus, a force at one node 
may be related to the displacements of all the nodes in four ele- 
ments.  This means that, including the fact that some nodes will be 
common to the adjoining elements, a total of 9 nodes having forty- 
five degrees of freedom could be related to the single force compon- 
ent.  The process of relating the force to all of the adjoining ele- 
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merits and their degrees of freedom is called assembly of the global 
stiffness matrix.  The problem of finding the appropriate node points 
related to a given node point is a matter of specifying structural 
topology to the computer program which actually performs the arith- 
metic operations, and will not be discussed in this report. 
The superposition of beam stiffness components is accom- 
plished by straight-forward addition of corresponding beam and slab 
element stiffness components.  This includes isolating the nodes to 
which beam elements are attached.  The force at a node having a beam 
element is related to the beam displacements at the adjacent nodes 
in the x-direction.  This is also a matter of topology which is 
specified as input to the computer program, and will not be discuss- 
ed in this report. 
2.4  Solution and Back Substitution 
The assembly of the element stiffness matrices results in 
a set of simultaneous equations relating nodal forces to nodal dis- 
placements .  These equations are solved for the nodal displacements 
after the boundary conditions are enforced.  Once the displacements 
are known, it is possible to back-substitute them into appropriate 
equations to compute the generalized stresses.  Thus, substitution 
of nodal displacements into the beam stiffness matrix results in the 
normal force, bending moment, arid torsional moment at the beam node 
points.  These forces act at the plane of reference, i.e., the mid- 
plane of the plate.  This fact is important in evaluating the later- 
al load distribution in bridges. 
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Substitution of the appropriate nodal displacements into 
Eq. 28 followed by substitution of the results into Eq. 2.9, 
enables the evaluation of the unit bending moments M , M , and M &
        x  y      xy 
at the node points.  The inplane stresses (or forces) can be evalu- 
ated in a similar manner. 
2.5 Computation of Moment Percentages 
A moment percentage is defined as the bending moment 
carried by one beam where the beam can be considered as the total 
composite cross-section, divided by the total of the moments carried 
by all the beams, and multiplied by 100.  The moment carried by one 
composite cross-section is given by: 
M    = /, oZdA + f.,OZdk (2.39) 
c beam      x slab    x 
where Z is a coordinate from any reference plane.  If the reference 
plane is chosen as the mid-plane of the plate, Eq. 2.39 may be re- 
written as: 
b 
M = M     + /     (M    ) di (2.40) 
ex,      o      xn, Deam slab 
in which b „ is the effective width of the slab.  It was noted in 
eff 
Sec. 2.2 that provisions were made to reference the beam moment to 
any arbitrary reference plane, including the mid-plane of the plate. 
It is this moment which is found by back-substitution, as discussed 
in Sec. 2.2.4. 
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The problem of finding the effective flange width is 
simplified by the relative sizes of the unit slab bending moment, 
M    , and the beam bending moment about the mid-plane of the 
slab 
plate.  The total slab moment across the bridge width is only a 
small percentage of the total of the composite beam moments. 
Sample calculations indicate that for multi-beam bridges, the total 
slab moment is generally < 5% of the total.  Therefore, the effect 
of a small error in the effective flange width is an insignificant 
difference in the moment percentages as calculated in this research. 
Therefore, the following approximate effective flange widths were 
used in lieu of more exact calculations: 
1. For interior beams, the actual beam spacing was used. 
2. For exterior beams, one half of the spacing, plus the 
over-hang was used. 
Having the effective flange width and choosing the slab moment at 
the node over the beam as representative width of the superstructure, 
Eq. 2.40 reduces to: 
M = M.    + (M    ) (b .,) (2.41) 
c   heam    x , ,    eff x   ' 
slab 
The moment percentage of one beam is then calculated as: 
M 
c. 
M . = (2.42) pi   n v   J
Z    M 
1=1   x 
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in which i denotes the beam in question and n is the total number 
of beams.  These moment percentages were used to produce influence 
lines for a given bridge.  These influence lines were then loaded 
to determine the maximum distribution factor for a given bridge. 
\ 
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3.  ANALYTIC MODELING STUDY 
3.1 Purpose of Analytic Modeling Study 
The finite element technique described in Chapter 2 of this 
report was used in the study of lateral load distribution in I-beam 
bridges.  A preliminary study was undertaken to investigate different 
methods of analytically modeling the I-beam bridges so as to use the 
finite element method effectively and efficiently.  In this study 
3 4 9 10 the analytic models were compared to the field test results '   *   * 
of two in-service I-beam bridges located near Lehighton and 
Bartonsville, Pennsylvania. 
The results of the analytic modeling study were threefold. 
First, important design parameters of a bridge were isolated, des- 
cribed, and analyzed using analytic approximations.  Thus, the 
influence of these design parameters such as the curb-parapet section 
and permanent metal deck forms were taken into account.  Second, the 
analysis was verified by comparison with the results from the field 
tests.  Third, the analytic bridge model was refined, to enable an 
accurate and efficient study of lateral load distribution. 
3.2 Description of Field Test Bridges 
The field testing of the Lehighton and Bartonsville bridges 
analyzed in this investigation is described in detail by Chen and 
3 4 9 10 VanHorn, ' '  and Ifegmuller and VanHorn.   Initially, only the field 
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test results of the Lehighton bridge were used in comparison with 
different analytic models.  The reason for the emphasis on the 
Lehighton bridge was two-fold.  First, the Lehighton bridge was test- 
ed both with and without midspan diaphragms between beams.  Second, 
there was only one curb-parapet section on the Lehighton bridge, 
which allowed the effect of the curb-parapet section on load distri- 
bution to be seen more readily.  The Bartonsville bridge test results 
were then compared to an analytic model which included all of the 
features of modeling discussed in this chapter which are appropriate 
to the Bartonsville bridge. 
The cross-section of the Lehighton Bridge is shown in 
Fig. 4.  The main supporting members were six identical PennDOT 24/45 
prestressed concrete I-beams spaced 6 feet*9 inches center-to-center. 
The slab was cast-in-place over a permanent metal deck form, with a 
nominal thickness of 7-1/2 inches.  With a curb and parapet section 
on only one side of the superstructure, the roadway width was 33 feet 
9 inches.  The span length was 71 feet 6 inches, center-to-center of 
bearings. 
The cross-section of the Bartonsville Bridge is shown in 
Fig. 5.  The main supporting members were five identical AASHTO 
Type III prestressed concrete I-beams spaced 8 feet center-to-center. 
The slab was cast-in-place with a nominal thickness of 7-1/2 inches. 
The roadway width was 32 feet.  The span length was 68 feet 6 inches, 
center-to-center of bearings. 
-25- 
3.3 Analytic Modeling 
4 
3.3.1 Discretization of the Superstructure 
Using the finite element technique, the actual bridge was 
modeled by a discretized bridge containing a suitable number of 
finite elements, Figure 6 shows the cross—section of the test bridge. 
Also shown is the plan view of the bridge, with the discretization 
indicated.  The lines indicate boundaries between elements, and the 
intersections of those lines are nodal points.  The beams were also 
discretized into beam elements, connected at the appropriate nodal 
points.  In the discretization shown in Fig. 6, there are two plate 
elements between the beams.  In the analytic modeling study, the dis- 
cretization was varied according to the requirements of a particular 
analytic model. 
In comparing the analytic and field test results, the 
moments at a cross-section called the maximum moment section of the 
bridge were used.  The maximum moment section, shown as section M in 
Fig. 6, is the section at which the absolute maximum moment would 
occur in a simple beam of the same span as the bridge, when loaded 
with the test vehicle.  The test vehicle, which closely approximated 
the AASHTO HS20-44 design vehicle, is shown in Fig. 7. 
Comparisons of different analytic models were made using 
moment percentage diagrams.  The definition of moment percentage for 
a particular beam is defined in section 2.3 of this report. 
26" 
3.3.2 Refinement of Slab Discretization 
Figure 8 shows a typical segment of the cross-section of 
the test bridge.  The figure shows that portions of the slab are 
supported by the relatively stiff flange of the I-beams.  Because of 
the support provided by the flanges, the first investigation under- 
taken was the analytic modeling of the effective bending span of the 
slab between the beams. 
Two different models were used to model Jthe effective bend- 
ing span of the slab.  The first model was a mathematical approxima- 
tion that was an accurate and efficient modeling technique.  The 
second model was a theoretically better approximation, but was a far 
less efficient model.  Though this second model would not be used 
in an extensive study, it was used here to verify the first modeling 
technique. 
The first model, shown in Fig. 8, consisted of nodes posi- 
tioned above the center of the beams and midway between the beams. 
This discretization, which consisted of two slab elements between 
beams, was designated the 2PL mesh.  Using this discretization, the 
effective bending span was approximated by introducing an orthotropy 
factor (Dy) in the analysis.  This factor was defined as the ratio 
of the transverse-to-longitudinal stiffness of a unit area of slab. 
The orthotropy factor was calculated as the square of the ratio of 
the center-to-center beam spacing to the flange-to-flange spacing. 
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As shown in Fig. 8, the orthotropy factor calculated for the 
Lehighton Bridge was 1.69. 
The moment percentage diagram shown in Fig. 9 is a compari- 
son of two analytic models with the field test results.  One model 
included the orthotropy factor in the analysis, while the other did 
not.  As shown in Fig. 9, the test vehicle is located between the 
third and fourth beams, as indicated by the wheels and axle.  Compari- 
son of the analytic models with the field test results showed that a 
closer correlation to the field test results was obtained when the 
orthotropy factor was included in the analysis. 
To verify that this method was an effective way of modeling 
the bending span of the slab, a comparison was made with another 
theoretical model.  The discretization for the latter model is shown 
in Fig. 10.  There are four slab elements between the beams, with two 
elements over the flange of each beam, and two elements between the 
flanges of the beams.  This discretization was designated the 4PL 
mesh.  The slab elements over the flanges of the beams were assigned 
an orthotropy factor of 100.0. This orthotropy factor defined the 
stiffness of the slab elements, above the beam flanges, in the trans- 
verse direction to be 100 times greater then stiffness in the longi- 
tudinal direction.  In effect, the slab elements above the flanges 
were allowed to deform in the longitudinal direction, while essen- 
tially remaining rigid in the transverse direction.  This prevented 
relative deformation of the slab with respect to the beam flange in 
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the transverse direction.  The elements between the beams were as- 
signed an orthotropy factor of 1.00, therefore those elements 
would deform in an isotropic manner. 
In Fig. 11, the results from use of the 4 PL mesh are com- 
pared with those from the 2 PL mesh.  The position of the test 
vehicle is indicated.  It is seen in this comparison that both 
models yielded virtually the same results.  Thus, the methods of 
modeling the appropriate bending span were verified.  Based on the 
comparison, the 2 PL mesh was selected for the remainder of the 
study because it was as equally effective as and more efficient than, 
the 4 PL model in representing the bending span of the slab. 
A further investigation was then performed to determine the 
effect of a different slab discretization on the analysis.  The 
discretization in Fig. 12(a) is the 2 PL mesh, described earlier in 
this section, while the discretization in Fig. 12(b) has one slab 
element between the beams, and will be designated the 1 PL mesh. 
Both of these models contain the appropriate orthotropy factors and 
results from their use are compared in Figs. 13 & 14.  Two differ- 
ent truck positions are indicated. These figures both show that 
there was no perceptible difference between either of the modeling 
techniques„ 
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3.3.3 Permanent Metal Deck Form 
The concrete slab of the test bridge was placed over a 
permanent metal deck form which had ribs running in the transverse 
direction (Fig. 15).  The effects of the deck form on lateral load 
distribution were modeled by introducing another orthotropy factor 
(Dy). As indicated iP.   Fig. 16 the orthotropy factor was calculated 
as the ratio of moments of inertia IT/I» where IT was defined as 
the moment of inertia of the transformed concrete section and the 
metal deck form in the transverse direction, and I was the moment 
of inertia of the concrete slab of nominal thickness in the longi- 
tudinal direction.  For the test bridge, the orthotropy factor was 
calculated as 1048.  The effect of including this factor in the 
analysis is shown in Fig. 17o  When the permanent metal deck form 
was included in the analysis, the agreement between analytic and 
field test results was improved. 
3.304 Curb-Parapet Section 
In order to verify that the analytic model accurately 
represented the actual superstructure behavior, it was also neces- 
sary to make an investigation to assess the effect of the single 
curb-parapet section, shown on the right side of the cross-section 
in Fig. 4.  The curb-parapet section was considered as a beam 
element in the analysis.  Two different models of the section were 
studied ;  (1) The section, shown in Fig. 18, was considered to be 
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fully effectiveo  (2)  The section was considered to be partially 
effective. That is, only the cross-sectional properties up'to the 
dashed line were considered, as indicated in Figo 18.  In the 
actual bridge, the curb-parapet section was interrupted by deflec- 
tion joints one inch in width at intervals of approximately 14 feet 
along the span length.  The joints were filled with a pre-molded 
joint filler in the portion of the section between the top of the 
slab and the dotted line.  Therefore, the two models represented 
the upper and lower bounds of effectiveness„ 
Both modeling techniques are compared to the field test 
results in Figs. 19, 20, and 21.  Each figure corresponds to a 
different truck position.  It is seen in Fig. 19 that there is very 
little difference between results from the models.  This was expect- 
ed for a truck position which was as far as possible from the curb- 
parapet section.  In this case the bending moments in the beams in 
the vicinity of the curb-parapet are negligible, and therefore, the 
influence of the curb-parapet would be small.  In Fig. 20 the test 
vehicle is placed between the third and fourth beams of the bridge. 
For this load case, there was a noticeable difference between the 
fully effective and partially effective models. Use of the partial- 
ly effective section produced results which correlated better with 
the field test than those obtained with the fully effective section. 
In Fig. 21 the truck is positioned as close as possible to the curb- 
parapet section. 
-31- 
With this position of the truck, use of the fully effective curb- 
parapet section, resulted in an over-estimation of the moment car- 
ried by the exterior beam under the curb-parapet section, while use 
of the partially effective curb-parapet section, yielded very good 
correlation with the field test results.  Thus, it was concluded 
that the effect of the curb-parapet section on lateral load distri- 
bution increases as the load approaches that section.  These studies 
have also indicated that the partially effective section is a more 
realistic model of the curb-parapet than a fully effective section. 
3.4 Summary 
A study of different analytic modeling techniques has 
been presented.  In this study, an accurate and efficient model was 
developed for use in the study of lateral load distribution. 
Figures 22 and 23 show the correlation between analytic and field 
test results for two additional load cases on the Lehighton Bridge. 
Figures 24 and 25 compare analytic and field test results for two 
load cases on the Bartonsville Bridge.  The difference between the 
analytic and field test results is no greater than 6% for any load 
case. 
Based on this study, the following conclusions are drawn: 
1)  The permanent metal deck form and the top flanges of the 
beams stiffen the slab in the transverse direction. This 
stiffening effect can be accounted for by using an orthotropy 
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factor.  Suggested methods of computing these orthotropy 
factors are presented in Sec. 3.3.2 and Sec. 3.3.3. 
2) The number of elements between beams can be reduced with 
a considerable increase in efficiency, but without a signifi- 
cant loss in accuracy. 
3) The curb-parapet section affects the distribution of live 
load.  The results from this preliminary study indicate that a 
partially effective curb-parapet model yields more realistic 
results than a fully effective model. 
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4.  DESIGN OF ANALYTIC EXPERIMENT 
4.1 General 
To obtain a general method for the evaluation of 
distribution factors that will be reliable for all bridges over a 
range of different dimensions, many bridges were considered in the 
investigation.  Although field tests were important in establishing 
the validity of analytical techniques, an investigation of the size 
required in this study eliminates the possibility of sufficient 
field testing to provide the basis for a general specification pro- 
vision.  Therefore, an analytic experiment was designed to yield 
information which would form the basis for development of new 
design provisions for live-load distribution factors.  In this 
analytic experiment, approximately 300 bridges were designed and 
analyzed.  The experiment was a computer based analytic simulation. 
The analytic simulation was accomplished by using the theoretical 
technique described in Chapter 2, which incorporated the analytic 
model developed in Chapter 3. 
4.2 Type of Superstructure and Loading Configuration 
The bridges that were considered in the analytic experi- 
ment were all simple-span, without skew,. The bridges consist of a 
reinforced concrete deck slab supported longitudinally by equally 
spaced prestressed concrete I-beams.  The effects of the curb- 
parapet section and the intra-span diaphragms were neglected.  All 
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bridges were designed using the provisions of the 1973 AASHTO 
specification, and the PennDOT Standards for bridge design, BD-201 
and AASHTO HS20-44 truck loadings were used. 
4.3 Bridge Dimensions and Variation of Parameters 
The following bridge design parameters were varied in the 
analytic experiment. A representative range of bridge widths were 
chosen, using Sec. lo2.6 of the 1973 AASHTO specification as a 
guide. The bridge widths used were 20, 30, 42, 54, 66, and 78 ft. 
For each bridge width, the number of beams was varied, which pro- 
vided a range in beam spacing.  The beam spacings varied from 
4'-0" to 10T-6"<>  For each beam spacing, the length ofLthe bridge 
was varied from approximately 30 ft. to approximately 150 ft. 
The slab thickness used for each case was the thickness appropriate 
for the beam spacing and length, as specified in PennDOT BD-201. 
The bridges were designed using the stiffest, straight-strand, 
economical (smallest cross-sectional area) beam shape..  Both 
PennDOT and AASHTO prestressed I-beam shapes were used. 
Tables 1, 2, and 3 give an overall scope of the range of 
the analytic experiment<,  Table 1 indicates the range for the 20 ft. 
and 30 ft. wide bridges, and Tables 2 and 3 show the range for the 
42, 54, 66, and 78 ft. wide bridges respectively.  For each bridge 
width, the tables indicate the range of the number of beams, the 
beam spacing in feet, the minimum and maximum lengths and the 
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number of bridges actually analyzed for a given bridge width. 
Table 4 demonstrates the scheme used to vary the bridge 
parameters in the analytic experimento  The table provides a de- 
tailed outline of the experiment for all bridges that are 20 ft. in 
widtho  Each X represents a bridge that was designed and analyzed. 
Across the top of the table, the number of beams is varied from 
3 to 6.  On the left hand side of the table, the_S/L ratio is 
indicated.  The quantity S/L is the ratio of-beam spacing to span 
length.  Thus, for a 3-beam bridge with a beam spacing of 10 ft. 
and a span length of 30 ft. the S/L ratio is 1/3.  For the same 
beam spacing, if the span length is increased to 150 ft., the S/L 
ratio is 1/15o  The S/L ratios were varied from about 1/3 to 1/30 
for each particular beam spacing,,  As shown in Tables 5-9, this 
technique was used for other bridge widths included in the analytic 
experiment.  The results of the experiment are presented in 
Chapter 5. 
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RESULTS OF THE EXPERIMENT 
5.1 General 
The design of an extensive analytic experiment to study 
lateral load distribution was presented in Chapter 4. This chapter 
presents the method in which the results of the bridge analyses 
were utilized to arrive at a new equation for determination of lat- 
eral load distribution in prestressed concrete I-beams, simple 
span, no-skew highway bridges. 
The following is a brief outline of the steps involved in 
the determination of the lateral load distribution developed in this 
research. 
1) Analyze the bridges listed in Chapter 4. 
2) Obtain influence lines for each beam of each bridge. 
3) Calculate the maximum distribution factor for each bridge 
for a number of loaded lanes from one to the number as 
set forth in section 1.2.6 of Ref. 1. 
4) Plot maximum distribution factors versus the S/L ratio. 
5.) Determine a new lateral load distribution equation by 
fitting the data plotted in step 4 with an appropriate 
equation. 
5.2 Analysis of Bridges and Resulting Influence Lines 
The finite element method described in Chapter 2 was the 
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method used to analyze the bridges in the experiment.  A single 
HS20-44 vehicle was placed in a number of positions across the width 
of the bridge, and an analysis was performed for each position.  The 
longitudinal position of the vehicle was always the one that would 
produce an absolute maximum moment in an analogous single beam of 
length equal to the span length of the bridge. The bridge was 
discretized in such a way that the maximum moment was obtained 
directly in the analysis. 
For each position of the vehicle, a moment percentage dia- 
gram was obtained, similar to the diagrams used in Chapter 3.  The 
moment percentage diagrams were then used to produce the influence 
lines for each beam.  Each influence line was plotted using approx- 
imately ten vehicle positions across the width of the bridge. 
These influence lines were then used to produce the distribution 
factors for each beam. 
The technique of obtaining the influence lines for beams 
can be illustrated by using one of the 219 bridges that were analyzed 
in the experiment.  This bridge was 42 ft. in width and 105 ft. in 
length.  There were 7 beams spaced at 7 ft..  Influence lines for 
the exterior beam and center beam are shown in Fig. 26 and 27, 
respectively.  The lines were developed using eleven vehicle posi- 
tions . 
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5.3 Determination and Plotting of Maximum Distribution Factors 
This section explains how the maximum distribution factor 
for each bridge was determined, using the influence lines.  As 
explained in Chapter 4, each bridge width that was included in the 
experiment, except the 20 foot wide bridge, was considered as two 
design lane configurations.  For example, the 42 foot wide bridge 
was considered as a three and four lane structure, as set forth in 
Sec. 1.2.6 of Ref. 1.  Shown in Figs. 26 and 27 are the positions 
of the design traffic lanes when the example bridge was considered 
as a three-lane and then four-lane structure.  Thus, two maximua 
distribution factors were developed from the analysis of every 
bridge. 
Considering the example bridge as a three-lane structure, 
the following method was used to calculate the maximum distribution 
factor for the center beam (Fig. 27).  A vehicle was placed in each 
of the three lanes.  The vehicles were positioned within their 
individual traffic lanes so as to produce the maximum moment percen- 
tage in each lane.  These values were then summed to produce the 
maximum summation of moment percentages for the center beam.  The 
summation was then multiplied by two to convert the vehicle axle 
load to wheel loads.  This calculation produced the maximum distri- 
bution factor for the center beam of the bridge when the structure 
was considered as a three-lane bridge. 
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To obtain the maximum distribution factor for the interior 
beams of the bridge, this process was repeated for the remainder of 
the interior beams. The calculated distribution factors were then 
compared to determine the maximum distribution factor for the inte- 
rior beams of the example bridge using a three-lane configuration. 
The example bridge was then considered as a four-lane bridge and 
the complete process was repeated.  The calculations for the example 
bridge yielded a maximum distribution factor of 1.16 for the three- 
lane case and 1.38 for the four-lane case. 
Fig. 26 shows the influence line for the exterior beam 
of the example bridge.  The distribution factors for the exterior 
beam were calculated using the same technique as used for the in- 
terior beams.  The maximum exterior beam distribution factors were 
obtained by again calculating distribution factors for the three 
and four-lane case. 
Though the calculations for the interior and exterior 
beams were similar, the influence line for the exterior beam serves 
as a good example to demonstrate the care required in calculation 
of the maximum distribution factor. As shown in Fig. 26 for the 
three-lane case, one of the three lanes is positioned where negative 
moment is produced.  If this negative moment percentage was included 
in the summation, the maximum distribution factor would not be ob- 
tained.  Therefore, this negative value was excluded from the sum- 
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mation.  The case in which two of the three lanes were loaded was 
more critical for this case, and was the loading used in calculating 
the maximum distribution factor for the beam. 
This process for calculating the maximum distribution fac- 
tor was repeated for all of the 42 foot wide, 7 beam bridges listed 
in table 6 resulting in the list in table 10.  The bridge lengths 
ranged from 42 feet to 105 feet.  The distribution factors ranged 
from 1.38 to 1.42 for the four-lane case.  The results in table 10 
are shown in graphical form in Fig. 28.  The maximum distribution 
factor for each bridge is plotted against the beam spacing-to-span 
length ratio of the bridges.  Figure 28 shows only the results of 
the 42 foot wide, 7 beam bridges.  In Fig. 29, the maximum distri- 
bution factors for all of the 42 ft. wide bridges listed in table 
7 are shown. Plots of mayfTmrm distribution factors were obtained 
for all 219 bridges studied.  It was from these plots that the new 
method for calculating the distribution factor for interior and 
exterior beams was obtained. 
5.4 Distribution Factors 
Separate provisions currently exist for the calculation 
of distribution factors for interior and exterior beams in Ref. 1. 
The results for interior and exterior beams obtained in this 
research are also presented separately. Figures 30 to 40 are plots 
of the maximum distribution factors for interior beams.  Figures 
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41 to 51 are plots of the maximum distribution factors for exterior 
beams.  The plots, which include results for 219 bridges, are 
grouped by bridge widths and number of design lanes considered. 
They include the complete range of beam spacings considered for 
each width.  The solid lines represent the computer analysis.  The 
dashed lines represent the analytic expression that approximates 
the computer results. 
5.5 Summary 
In this chapter, the method of obtaining the maximum dis- 
tribution factors for the bridges studied was presented.  The final 
plots presented in section 5.4 were obtained after 219 bridge 
analyses were performed which included a total of approximately 
1500 vehicle load cases.  From these analyses, approximately 1200 
influence lines were studied under many lane load configurations to 
determine new lateral load distribution equations for the interior 
and exterior beams.  These equations are presented in chapter 6. 
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6. DISTRIBUTION FACTORS 
6.1 Interior Beams 
The analytic expression which was developed to calculate 
the live-load distribution factor for interior beams is presented 
in this section. 
Figures 30 to 40 are plots of maximum distribution factors 
versus S/L (ratio of beam spacing-to-span length ratio) for the in- 
terior beams.  The solid lines represent the computer analysis re- 
sults, while the dashed lines represent the analytic expression that 
approximates the computer results.  The figures show the results 
obtained for the complete range of bridge widths studied.  The 42 
ft. wide bridge distribution factors will serve as a representative 
sample of the trends that are apparent in the figures. 
Figure 33 is the plot of maximum distribution factors 
for bridges that are 42 ft. wide and with 3 design lanes, while 
Fig. 34 is the plot of maximum distribution factors for the same 
bridges except that the bridges have 4 design lanes.  As expected 
the following trends are apparent when the figures are compared. 
1) As the length of the bridge increases the distribution 
factor decreases. 
2) As the number of beams increase the distribution factor 
decreases. 
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3)  The distribution factors for the 4 design lane case 
are higher than those for the bridges considered 
as 3 design lanes. 
The analytic expression for evaluating distribution 
factors contains provisions accounting for the above referred trends. 
Of the many equations studied to approximate the experimental dis- 
tribution factors for interior beams, the following equation pro- 
duced consistent correlation with the experimental results: 
W 
DF = (Wc + ^ -y )  | - 0.45 (0.25 - | ) 
B 
Y = 0.3 (W - W . ) 
c   mxn 
B = 4.7 NB 
where 
W   = roadway width between curbs, in ft. 
N„  = number of beams 
ii 
S   = beam spacing, in ft. (4.5 <_  S £ 10.5) 
L   = span length, in ft. (30.0 <_ L <  150.0) 
W ,  = minimum curb to curb width which qualifies 
as an N design lane bridge, in ft. 
NT   = number of design lanes 
The distribution factors that are calculated using this 
equation are shown in figs. 30 - 40 by the dashed lines.  A compar- 
ison of the results of the computer analysis (DF    ) and the J
 comp. 
analytic expression (DF  ..    ) is made using the ratio 
anal.exp• 
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DF
'anal exD ^DF'comD   Using this ratio a mean of 104% was calcu- 
lated.  That is, the analytic expression is, on the mean, 4% higher 
than the computer analysis.  The standard deviation is 4%.  Thus 
there is a 95% probability that the results using the equation will 
be between 96% and 112% of the experimental results. 
6.2 Exterior Beams 
The maximum distribution factors for the exterior beams 
are plotted in figs. 41 to 51.  For the exterior beams, the maximum 
distribution factors are plotted versus span length.  The solid 
lines represent the computer analysis results, while the dashed 
lines represent the analytical expression approximating the computer 
results.  As expected, the following trends, similar to those for 
the interior beams became apparent when the figures are compared. 
1) The distribution factor increases as the length 
of the bridge increases. 
2) The distribution factor decreases as the number 
of beams increases. 
3) As the number of lanes increases, for a given width, 
the distribution factor increases. 
The following equation approximates the computer analysis 
results: „    T 
D
-
F
' -10 +750 +0-1 
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where 
S = beam spacing, in ft.  (4.5 <_ S <_ 10.5) 
L = span length, in ft.   (30.0 <_ L £ 150.0) 
The distribution factors that are calculated using this 
equation are shown in figs. 41 - 51 by the dashed lines. 
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7. SUMMARY AND CONCLUSION 
7.1 Summary 
A method of analysis based on the finite element method 
is presented in Chapter 2.  A review of the assumptions and limita- 
tions of the previously developed analysis technique is discussed 
and the analysis technique is then described. 
In Chapter 3 comparisons are made between results from the 
» 
theoretical analysis technique, and values yielded from the field 
testing of two in-service bridges.  Different methods of analytically 
modeling the bridges were used in comparison with the field test re- 
sults.  Through these comparisons, the validity of the theoretical 
analysis technique was verified. Also, by refining the analytic 
bridge model, the accuracy and efficiency of the study of live load 
distribution was increased. 
An analytic experiment to study live load distribution is 
presented in Chapter 4.  219 different bridges were designed and 
analyzed under AASHTO HS20-44 design loading.  Chapter 5 shows how 
the results of the bridge analyses which constituted the analytic 
experiment were utilized to arrive at a new equation to describe the 
lateral load distribution. 
In Chapter 6 a design recommendation for the determination 
of lateral live-load distribution is presented.  Separate procedures 
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are given for the interior and exterior beams. 
7.2 Conclusions 
Very good agreement was obtained between the theoretical 
analysis technique and the field test results.  Through an analytic 
modeling study the analytic bridge model used was refined so that 
optimum accuracy and efficiency were obtained. 
Based on the results of the analyses of 219 bridges the 
following conclusions can be made. 
1. The lateral live-load distribution in prestressed concrete 
I-beam bridges can be accurately described by the 
equations presented in Chapter 6.  The behavior of 
interior and exterior beams is described by separate 
equations. 
2. The span length of the bridge, the beam spacing, and the 
number of design traffic lanes are very important factors 
in determining the live-load distribution factors. 
3. The effect of the curbs and parapets were not considered in 
the development of the equations to describe lateral 
live-load distribution.  However, based on the results 
of the analytic modeling study, it was found that the   > 
curbs and parapets do have an influence on the distribu- 
tion of live-load.  Therefore, it is felt the design 
procedures should be modified to permit the effect of 
curbs and parapets to be considered. 
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8.     TABLES 
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Roadway Width:  20 feet 
No. Beams Space HlAX him No. Bridges 
3 
4 
5 
6 
lO'-O" 
6'-8" 
5?-0" 
4'-0" 
80' 
116'-8" 
100' 
120' 
40' 
40' 
40' 
48' 
5 
7 
6 
6 
Tot. = 24 
a) 
Roadway Width:  30 feet 
No. Beams Space LMAX HlIN No. Bridges 
4 lO'-O" 80' 40' 5 
5 7'-6n 90' 37'-6" 6 
6 6'-0" 120' 42' 7 
7 5'-0" 125' 50' 6 
8 4'-3" 127'-6" 51' 6 
Tot. = 30 
b) 
TABLE 1 RANGE OF BRIDGE DESIGN PARAMETERS 
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Roadway Width:  42 feet 
No. Beams Space hiAX ^IN No. Bridges 
5 10'-6" 84' 42' 5 
6 8'-5" 101' 42*-l" 6 
7 7'-0" 105' 42' 6 
8 6'-0" 120' 42» 7 
9 5'-3" 105* 42' 6 
10 4*-8" 116'-2' 46'-8" 6 
Tot. = 36 
a) 
Roadway Width:  54 feet 
No. Beams Space LMAX HlIN No. Bridges 
6 10'-10" 108'-4" 32'-6" 6 
7 9'-0" 108* 36' 6 
8 7'-9" 116'-3M 38'-9" 6 
9 6'-9" 135' 40»-6" 7 
11 5'-5" 135*-5" 37 '-10" 7 _ 
13 4'-6" 135' 36' 7 
Tot. = 39 
b) 
TABLE 2  RANGE OF BRIDGE DESIGN PARAMETERS 
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Roadway Width:  66 feet 
No. Beams Space LMAX ^IN No. Bridges 
8 
\ 
9'-5" 113' 37'-8" 6 
9 8»-3" 123'-9" 33' 7 
10 7f-4" 128'-4" 29'-4" 8 
12 6'-0" 120* 36' 7 
14 5'-l" 127'-1" 50'-10" 6 
16 4*-5" 132'-6" 53' 6 
Tot . = 40 
a) 
Roadway Width:  78 feet 
No. Beams Space HlAX ^IN No. Bridges 
9 9'-9" 117'-8" 39* 7 
10 8*-8" 104' 34'-8" 7 
11 7'-10" 117'-6" 39*-2" 7 
12 7'-l" 124' 35»-5" 7 
13 6'-6" 130' 32'-6" 8 
15 5'-7" lll'-8" 39'-l" 7 
17 4'-ll" 123' 39'-4" 7 
Tot. = 50 
b) 
TABLE 3 RANGE OF BRIDGE DESIGN PARAMETERS 
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Roadway Width 20 feet 
(2 design lanes) 
No. Beams 6 5 4 3 
S/L 
1/30 X 
1/25 X 
1/20 X X 
1/17.5 X X X 
1/15 X X X 
1/12 X X X 
1/10 X X 
1/8 X X X 
1/7 X X 
1/6 
.. 
X X 
1/5 X 
1/4 X 
1/3 
S = Beam Spacing 
L = Span Length 
TABLE 4 BRIDGES ANALYZED, ROADWAY WIDTH 20 FT. 
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Roadway Width  30 feet 
(2-3 design lanes) 
No. Beams 8 7 6 5 4 
S/L 
1/30 X 
1/25 X X 
1/20 X X X 
1/17.5 X X X 
1/15 X X X 
1/12 X X X X 
1/10 X X X 
1/8 X X X 
1/7 X X X 
1/6 X X 
1/5 X X 
1/4 X 
1/3 
S = Beam Spacing 
L = Span Length 
TABLE 5  BRIDGES ANALYZED, ROADWAY WIDTH 30 FT. 
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Roadway Width  42 feet 
(3-4 design lanes) 
No. Beams 10 9 8 7 6 5 
S/L 
1/30 
1/25 X 
1/20 X X X 
1/17.5 X X X 
1/15 X X X X 
1/12 X X X X X 
1/10 X X X X X 
1/8 X X X X X 
1/7 X X X X 
1/6 X X X 
1/5 X X 
1/4 X 
1/3 
S = Beam Spacing 
L = Span Length 
TABLE 6  BRIDGES ANALYZED, ROADWAY WIDTH 42 FT. 
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Roadway Width 54 feet 
(4-5 design lanes) 
No. Beams 13 11 9 8 7 6 
S/L 
1/30 X 
1/25 X X 
1/20 X X X 
1/17.5 X X X 
1/15 X X X X 
1/12 X X X X X 
1/10 X X X X X 
1/8 X X X X X 
1/7 X X X X 
1/6 X X 
1/5 X X 
1/4 X X 
1/3 X 
S = Beam Spacing 
L = Span Length 
TABLE 7  BRIDGES ANALYZED, ^ROADWAY WIDTH 54 FT 
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\ 
Roadway Width 66 feet 
(5-6 design lanes) 
No. Beams 16 14 12 10 9 8 
S/L \ 
1/30 X 
1/25 X X 
1/20 X X X 
1/17.5 X X X X 
1/15 X X X X X 
1/12 X X X X X X 
1/10 X X X X X 
1/8 X X X X 
1/7 X X X 
1/6 X 
1/5 X X X 
1/4 X X X 
1/3 
. . . 
S = Beam Spacing 
L = Span Le ngth 
TABLE 8  BRIDGES ANALYZED, ROADWAY WIDTH 66 FT. 
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Roadway Width  78 teet 
(6-7 design lanea) 
No. Beans 17 15 13 12 11 10 9 
S/L 
1/30 X 
1/25 X 
1/20 X X X 
1/17.5 X X X X 
1/15 X X X X X 
1/12 X X X X X X X 
1/10 X X X X X X 
1/8 X X X X X 
1/7 X X X X 
1/6 X X X 
1/5 X X X X 
1/4 X X X 
1/3 
■ ■ 
X 
S = Beam Spacing 
L = Span Length 
TABLE 9  BRIDGES ANALYZED, ROADWAY WIDTH 78 FT. 
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ROADWAY WIDTH - 42 FT. AASHTO - 5.5 1.27 
NO. OF BEAMS - 7 
3 LANE RESULTS 4 LANE RESULTS 
LENGTH MAX D.F. S X MAX D.F. 
S 
X 
42 
49 
56 
70 
84 
105 
1.29 
1.25 
1.25 
1.24 
1.22 
1.16 
5.43 
5.59 
5.59 
5.65 
5.74 
6.03 
1.42 
1.41 
1.41 
1.41 
1.40 
1.38 
4..9 3 
4.96 
4.96 
4.96 
5 00 
5.07 
TABLE 10 DISTRIBUTION FACTORS 42 FT. WIDE, 7 BEAM BRIDGES 
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FIGURES 
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Fig. 1    Rectangular Plate Element and Basic 
Displacement Components 
-61- 
(x,y) = Plane of Reference 
Fig. 2  Eccentrically Attached Beam Element 
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Fig. 3 Coordinate System and Positive Sign Convention 
Fig. 3 Coordinate System and Generalized Displacements 
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